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Abstract 


The main goal of this paper is to study the properties of symbolic 8-plithogenic matrices with real entries, where 
an algebraic view of their properties and relations will be presented and discussed. Also, we present many 
theorems that concern the computing of their eigenvalues and eigenvectors and their connection with classical 
ordinary matrices. Many related examples will be provided to clarify the validity of our work. 
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1. Introduction 
Generalizing classical matrices into many new numerical systems was applied by many authors, where we can 
find the building of neutrosophic matrices [1], refined matrices [2], and split-complex matrices [3]. 
The connections between these generalizations and the classical systems of matrices were handled by many 
authors. For example, the problem of diagonalization [4], the Invertibility [5], and their applications in linear 
functions [6]. 
In [7], the concept of symbolic n-plithogenic algebraic structures was proposed by Smarandache, then it was 
used on a wide range by many researchers to generalize classical algebraic structures such as modules [8], spaces 
[9-10], equations [11], and number theory [12-13]. 
In [14], the concept of symbolic 2-plithogenic matrices was presented with many applications in the theory of 
algebraic equations and representing functions. Laterally, symbolic 3-plithogenic matrices and 4-plithogenic 
matrices were studied from many algebraic sides, especially those which are related to the diagonalization 
problem [15]. 
This has motivated us to define and study for the first time the symbolic 8-plithogenic square matrices. We 
present many effective algorithms for computing determinants, Invertibility, and eigenvalues. 
For basic definitions about symbolic 2-plithogenic, 3-plihogenic, 4-plithogenic, 5 and 6-plithogenic square 
matrices, see [14-16]. 
Main Discussion 
Definition: 
The square symbolic 8-plithogenic matrix is defined as follows: 
A= A, + ¥%, A:P;; (Ad nxn is square matrix of real entries. 
Example. 
Consider the symbolic 8-plithogenic matrix: 
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a=(5 NtG a+ Set (4 Peles y+ (1 5) Pet (4 1 )Pst 
i “Det G 1) Ps 


Definition. 
Let A = Ap + 2, AjP; be a symbolic 8-plithogenic matrix of size n x n, hence: 


det (> 4 — det(A,) det » a’ — aer( a 


det A = det(A,) + Py + 


t=0 


3 2 4 3 
+ ap) a — det (> a P3 + 0) a — det (> a P, 
i=0 i=0 i=0 i=0 
5 4 6 5 
+ zp) 4 — det (> a Ps + ap) 4 - aet( a‘ Ps 
i=0 i=0 i=0 i=0 
7 6 8 7 
+ ee(Y a — det (> a P, + a0) a - ae a Pg 
i=0 i=0 i=0 i=0 


Theoreml1. 
Let A = Ap + 32, AjP; be a symbolic 8-plithogenic matrix of size n x n, hence: 
1. A is invertible if and only if det A is an invertible symbolic 8-plithogenic number. 
2. A t= Ay + (Cig) * Ag A+ (GAD * OA + (eA 
- - = -1 - = 
(ho Ai *1Ps + [fr Ad? — ho APs + [(ZE. Ad) — Lo 4+] Ps + [COE Ad - 


(XPeo Ai) ‘| Pe + [tier AD* — Dio Ai) *)Py + (021 Ad * — Oho Ad * VPs 
Definition. 
Let t =t) + ©%.,t,P; be a symbolic 8-plithogenic real number and A = Ay + ¥8_, A;P; be a symbolic 8- 
plithogenic square real matrix, then t is called symbolic 8-plithogenic eigen values if and only if AX = tx. 
X is called symbolic 8-plithogenic eigenvector. 
Theorem2. 
Let t = ty + 08, t;P; € 7 — SPp, X = Xy + V2, X;P, be a symbolic 8-plithogenic real vector, then t is eigen 
value of A = Ay + 8, A;P; with X as the corresponding eigen vector if and only if: 
die ti is eigen value of )/_, A; with )/_, X; as eigen vector with 0 <j <8. 


Theorem3. 
i n 2 n 4 n 3 n 2 n 
A” = A,” + P, (> 4 — Ay” + (4) -(Ya) P, + (4) -(Ya) P3 
i=0 i=0 i=0 i=1 i=0 
4 n 3 n 5 n 4 n 6 n 5 a 
2 (> 4 & 4 oe (4) : (4) oe (4) (d4) P, 
i=1 i=0 i=1 i=0 i=1 i=0 
7 n 6 n 8 n 7 n 
F (4 -(Ya) ee (4 -(Ya) P, 
i=1 i=0 i=1 i=0 
Theorem4. 


Let A = Ap + 2, AjP; be a square 8-plithogenic invertible real matrix, then: 
1). det(A~t) = (det A)~+ 

2). det At = det A 

3). det(A.B) = detA.detB;B = By + 2, B,P,. 

Definition. 

Let A = Ay + ¥:%., A;P; be a symbolic 8-plithogenic real square matrix, then: 
A is called orthogonal if and only if A‘ = A7?. 

TheoremS. 

A is orthogonal if and only if Veo Ai ; 0 <j < 8 is orthogonal. 

Definition. 

Let A = Ay + U2, A;P; be a symbolic 8-plithogenic complex square matrix, then A is called Hermit matrix if 
A® = (Ay =A, 
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Theorem6. 
A is Hermit matrix if and only if ae A;; 0 <j < 8 is Hermit matrix. 
Proof of theorem1. 
1). Let A = Ay + ¥3_, A;P;, then A is invertible if and only if there exists B = By + ¥:°., B;P; such that: 
AXA = Unyn, hence: 
ApBo = Unxn 


t=0 t=0 
2 2 1 1 
YA) Bi) ALY. Bi = Onxn 
i=0 i=0 i=0 i=0 
3 3 2 2 
A; B; ~ A; B; = Onxn 
i=0 i=0 i=0 i=0 
4 4 3 3 
A; » B; ~ A; B; Onxn 
i=0 i=0 i=0 i=0 
5 5 4 4 
A; B; -Y A>: 8, Onxn 
i=0 i=0 i=0 i=0 
6 6 5 5 
A; B; ~ A; B; Onxn 
i=0 i=0 i=0 i=0 
7 7 6 6 
A; B; = Aj B; —_ Onxn 
i=0 i=0 i=0 t=0 
8 8 7 7 
Ar) Bi- Ar) Bi = Onn 
i=0 i=0 i=0 i=0 
This implies that: 
Ap Bo = Unxn 
j j 
‘ej;es 
YL >. Be = Unxn 
i=0 i=0 


Hence det(Y/_, Ai) # 0 forall 1 <j < 8, so that det(A) is invertible in 8 — SPp. 
2). It holds directly from the previous statement as follows: 


F z -1 
ig B= (yA Ai) for 1 <j <7, hence: 


A1=A,‘°+P, (> a —A,*|+ (> a) - (> 4 P,+ (> 4 - (> 4 P, 


i=0 i=0 i=0 t=1 i=0 
4 -1 3 -1 5 -1 4 -1 
(Ya) -(Y) +|(Ya) -(Ya) P, 
i=1 i=0 i=1 i=0 
6 -1 5 -1 7 -1 6 -1 
+) -G) [B) G4) 
i=1 i=0 t=1 i=0 
8 -1 7 1 
|) -G4) 
i=1 t=0 
Proof of theorem2. 


It is clear that t is an eigen value of A with X as an eigen vector if and only if: 
A.X = t.X, which is equivalent to: 
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Which is equivalent to the following statement: 

YL o ¢; is an eigen value of ya 9 Ai with ye oA; as an eigen vector for all1 <j <8. 

Proof of theorem3. 

It holds directly as a special case of natural powers in symbolic 8-plithogenic rings. 

Proof of theorem4. 

1). detA~1 = det(A) *) + P,[det (Shp Ai)~+ — det(Ay *)| + [det 32-9 Ai)+ — det(Sh.y At) Pp + 


[det (D7, Ay)? — det (7.9 Ai)“ "IPs + [det (Dt, Ai)? — det (Zo Ai)“*1P, + [det(D81 Ai) 
det (Sf Ai)~1| Ps + [dete Ai)? — det(DPo Ai) || Ps + [det(D71 Ai) — det (eo Ai) IP, + 


[det (x8. Ai 71 — det(X7y A; D7 IPa = = (deta) 
2). At = Ao! AP, +As" P, A Pt AYP Ae Ped Al Pt Arr Ae. 


detA‘ = det(Ay’) + [det(Si o Ai’) — det(Ao* Le [det (Yi? ee det (di. 1Ai))Ps + [det(d2.y Ai‘) - 


det (i2_) Ai‘) |P3 + [det(Sty Ai") — det(3.y Ai") |P, + [det (2p Ai) — det (Sh, Ai‘) |P; + 

[dee(S9 Ast) — det (5p Ait)]Ps + [det(Ziao Ait) — det (Seay Ar')]P, + [det(Z8.oA,") — 

det (Sen Aj‘) |Ps = det(Ag) + [det(yj- 0 Aj) — det(Ag)|P; + [det(Y 7 0 Ai) - det(Yi-o A;)|P2 + 
[det(Xj- Ai) — det(Xfp Ai) ]P3 + [det(XiLo Ai) — deta Ai) Pa + [aet(2. o Ai) — det(Yio Ad) Ps + 
[det(T9-g A;) — det(S% 9 Ai) Ps + [det(Z79 Ai) — det(E&o ADP, + [det(L8p A;) — det(Tig Ai) IPs = 
detA. 

3). we have: 

A.B = AgBo + [Dizo Ai Lizo Bi — AoBol Pa + [Dio Ai Uo Bi — Vizo Ai Vizo BilP2 + Dito Ai Lo Bi — 
Leo Ai ys B;|P3 + pear Aj Yip Bi - pen Aj pan Bi| Py + [Die Ai an Bi - Yio Ai ye B;|Ps + 
[Dio Ai Deo Bi — DPLo Ai LiLo Bil Po + [Liao Ai Vie Bi — Vheo Ai Uheo BilPy + [LPLo Ai Dio Bi — 

Lixo Ai Lixo Bi] Pe. 

det(A. B) = det(ApBo) + [det Mix Ai Miko Bi) — det(ApBo)|Py + [det (Xie Ai X29 Bi) — 

det (Yi=o Ai Lizo Bi)]P2 + [det (di? a ae 0 Bi) — det Dio Ai Niko Bi) IPs + [det(S! ~=0 Aj Liko Bi) — 
det (Xi=o Ai a 0 Bi)|Py + [det (Xp Ai Diao Bi) — det (Lio Ai Lico Bi)|Ps + [det i Ai Dino Bi) — 
det (X20 A i Lis Bi) |Ps + det A i oe B,) - det (Lio A i Li=0 Bi) IP, + [det (Yio Ai Lio Bi) ~ 
det (X79 Aj YJ. Bi) Ps = det (Ay)det(By) + [det(X/_, A;). det(X!_, B;) — 

det(SJ=} Aj_1).det(X/=} B,_1)|P; = det(A)det(B);1 <j <8. 

Proof of theorem5. 

A is orthogonal if and only if A' = A71, hence: 


Ag’ + Der Ai'P; = Ay? + eh ee (ShoAi)-tP2 + [li Ai)? - 
(ho Ai *1Ps + [fr Ad? - ho APs + [(ZE. 4d) - Lo 47+] Ps + [COE Ad - 
(Xho) | Ps + (ofr 4)? — fo A) - + [021 Ad"? — ho Ai)“ ta, thus: 
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Ay’ = Ag 
1 =1 
Ape (> a = Ay” 
i=0 
2 =A 1 = 
A,’ = (> Ai) -() A, 
i=0 i=0 
3 =A. 2 =f 
A! = (> Ai) -() 4, 
i=0 t=0 
4 -1 3 =a 
a (> A) -(> 4, 
i=0 i=0 
5 -1 =4 
Ast = (> A, 
i=0 


Ape = Ag 
Dizo4i = (Lio Ai)* 
Peo Ai” = (wh Ai) 
Ro Ai = (oh. Ad 
04: = (Lio A", so that our proof is complete. 
-1 
= Aj’ = eo Ai) 
fo Ai = io Ai)~* 
feo Ai’ = (Sho Ai) 7 
i=0 Ai = ito Ai)~* 
Theorem6 can be proven by a similar argument of theoremS. 
3 Conclusion 
In this paper, we have studied for the first time the square symbolic 8-plithogenic, where we have present many 
effective algorithms for computing determinants, Invertibility, and eigenvalues. 
As a future research direction, we aim to study the diagonalization problem and the representation problem of 
symbolic 8-plithogenic matrices. 
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